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Abstract

The conditional fractional strong matching preclusion number cfsmp(G) is
the minimum number of vertex and edge faults that destroy every fractional
perfect matching without creating an isolated vertex. For the pancake graph
P, we prove cfsmp(Py) = 3 and cfsmp(P,) = 2n—4 forn > 5. Forn > 5, we
also classify every optimal fault set: choose an induced path u—w-v, and for
each y € (N(u)UN(v))\ {w}, delete either y or the unique edge joining y to
{u,v}. Consequently, P, is conditionally fractional strongly super matched
for n > 5. The proof uses the recursive isoperimetric inequality e(X)+|0X|—
| X|4+1>2n—4forn>5and X C V(P,) with |X| > 2, where e¢(X) counts
edges induced by X and 0X is its external vertex boundary; equality holds
exactly for two-vertex sets whose vertices are at distance at most two. This
avoids the large P5 computation contemplated in earlier work and supplies
the missing input in the Gupta—Cheng—Liptak composition theorem.
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1. Introduction

Matching preclusion numbers measure how many vertex and edge faults
a graph can sustain before its perfect matching structure collapses. They are
exact extremal invariants—one asks for the minimum number of deletions
destroying a matching property and, in the strongest form, for the complete
list of minimum deletion sets—and they serve in the interconnection network
literature as fault-tolerance measures.

Email address: kyle@panal.capital (Kyle Vedder)

Preprint submitted to Discrete Applied Mathematics July 9, 2026



For an even-order graph, the matching preclusion number introduced by
Brigham, Harary, Violin, and Yellen [2] is the minimum number of edge
deletions that destroy every perfect matching; for odd-order graphs, the
standard definition instead destroys every almost-perfect matching. Since
highly symmetric graphs are most cheaply defeated by isolating a single
vertex, Cheng, Lesniak, Lipman, and Lipték [5] introduced the conditional
version, which forbids isolated vertices in the faulty graph; Park and Thm
[18] introduced the strong version, in which vertices and edges may both fail;
and Liu and Liu [14] introduced the fractional relaxations, in which perfect
matchings are replaced by fractional perfect matchings, that is, edge weight
functions w : E(G) — [0,1] with unit total weight at every vertex. Mao
and Cheng [17] survey these variants; the general theory of the fractional
invariants is developed in [13, 21]. For the pancake graph P,, the Cayley
graph of the symmetric group generated by all prefix reversals, the integral
invariants were computed in [3] and the fractional ones in [16]; in particular,
fsmp(P,) =n — 1 for n > 4, and P, is fractional strongly super matched—
every optimal mixed fault set isolates a vertex—for n > 5.

Hu, Tian, Meng, and Yang [11] combined the conditional and fractional
strands for edge faults in torus networks. Gupta, Cheng, and Liptdk [8, 9]
then defined the conditional fractional strong matching preclusion number
cfsmp(G): the minimum size of a mixed set of vertex and edge faults F'
such that G — F' has no fractional perfect matching and no isolated ver-
tex. For n > 3, they proved cfsmp(B,,) = 2n — 2 for the burnt pancake
graphs B,,, showed that every optimal fault set is trivial (a property they
call conditionally fractional strongly super matched), and proved a compo-
sition theorem for pancake-like graphs: supermatchedness propagates to a
recursively assembled graph provided every building block is both fractional
strongly super matched and conditionally fractional strongly super matched.

The ordinary pancake invariant had already been announced as the topic
of a 2021 conference presentation by Cheng, Liptak, and Gupta, although
the archived one-page abstract states no value or classification [7]. In view
of their later composition theorem and the standard decomposition of P,,
the graph Ps is the natural missing base case. For the analogous Bjs base,
Gupta, Cheng, and Liptak report enumerating 1,302,609 size-four fault sets
after exploiting vertex transitivity; each required a linear-programming test,
and the run took about one day on a conventional computer [8, p. 432]. They
then remark that a similar Py result likely exists and that the computation
“may be feasible by using a computer cluster” [8, p. 433].

This paper settles the ordinary pancake family, for all dimensions simul-
taneously, by replacing the fault-set enumeration with a recursive isoperi-



metric inequality. The only computational ingredient is a table of subset
minima in the 24-vertex graph P, obtained by counting edges and boundary
vertices over its 224 — 1 nonempty vertex subsets. This finite enumeration is
readily feasible on conventional hardware and uses no linear programming.
The first main result gives the exact values for every n > 4; the degenerate
cases 1 < n < 3 are dispatched in Section 8.

Theorem 1.1. cfsmp(Fs) = 3, and
cfsmp(P,) =2n—4 for every n > 5.

The second main result classifies the optimal fault sets for n > 5. Since
P, contains no triangles and no 4-cycles (Lemma 2.3), the endpoints of
an induced path u—w—v have no common neighbor other than w, so every
neighbor of w or v other than w is joined to {u,v} by a unique edge.

Theorem 1.2. Let n > 5. A set F C V(P,)U E(P,) is an optimal con-
ditional fractional strong matching preclusion set of P, if and only if there
exist an induced path u—w-v and a subset Z C B, where

B = (N(u) UN () \ {w},

such that F' consists of the vertices in Z together with, for eachy € B\ Z,
the unique edge joining y to {u,v}. In particular, every optimal set leaves
two vertices of degree one adjacent to a common surviving vertex, so Py is
conditionally fractional strongly super matched.

In particular, the pure edge-deletion construction (the case Z = 0) is
not the only optimal one: any boundary vertex fault may replace the cor-
responding boundary edge fault, and these mixed sets exhaust all optimal
sets.

Both theorems rest on an isoperimetric inequality tailored to the frac-
tional perfect matching criterion. For X C V(P,), write e(X) for the num-
ber of edges inside X, write 0X for the set of vertices outside X with a
neighbor in X, and define the isoperimetric cost

An(X) = e(X) +0X| — | X| + 1.

A short argument (Lemma 3.1) shows that every conditional fractional
strong matching preclusion set F' admits a witness set X with [X| > 2
and |F| > A\, (X). The lower bound in Theorem 1.1 then follows from part
(a) of the third main result, and the classification in Theorem 1.2 from its
equality part (b).



Theorem 1.3. Let n > 5 and let X C V(P,) with | X| > 2.

(a) Ap(X) > 2n —4.
(b) Mu(X) =2n—4 if and only if X = {u,v}, where u and v are adjacent
or have a common neighbor in P,.

The proof of Theorem 1.3 is a recursion over the standard decomposition
of P, into n vertex-disjoint copies of P,_; joined by a perfect matching of
prefix-reversal edges. An exact identity (Lemma 4.2) expresses A,(X) in
terms of the values of A,_1 on the pieces of X plus nonnegative cross terms,
the absence of triangles and 4-cycles eliminates the tight configurations, and
the recursion bottoms out in the exact Py table.

Theorem 1.2 supplies the hypothesis that was missing from the composi-
tion theorem of Gupta, Cheng, and Liptak. Subject to the number-of-blocks
and cross-edge conditions in Corollary 7.2, a pancake-like graph assembled
from copies of P, with m > 5 (or from a mixture of such copies and burnt
pancake graphs B;,_1) is fractional strongly super matched and condition-
ally fractional strongly super matched.

Related recent work includes the conditional strong matching preclusion
number of the pancake graph in the integral model [1], fractional matching
preclusion of Cartesian products [15], integer k-matching preclusion [20, 10],
conditional fractional matching preclusion for several graph classes [12], and
a level-2 matching preclusion framework for regular interconnection net-
works [4]. To the best of our knowledge, none gives the conditional frac-
tional strong value or the optimal mixed-fault classification for the ordinary
pancake graphs.

The paper is organized by logical dependency. Sections 2 and 3 reduce
conditional fractional strong matching preclusion to the isoperimetric cost
A Section 4 proves the recursive lower bound and its equality cases (The-
orem 1.3). Sections 5 and 6 derive the exact values and classify the optimal
fault sets. Section 7 records the composition consequence, and Section 8
collects contrasts and small cases.

2. Preliminaries

All graphs are finite, simple, and undirected. If F' C V(G)U E(G), then
G — F is obtained by deleting every vertex in F' N V(G) and every edge in
F N E(G) whose endpoints remain.

A fractional perfect matching of G is a function w : E(G) — [0, 1] such

that
Zw(e) =1

esv



for every v € V(G).

Lemma 2.1 (Fractional perfect matching criterion). The following standard
fractional Berge—Tutte criterion holds [19]: a graph G has a fractional perfect
matching if and only if, for every set S C V(G), the graph G — S has at
most |S| isolated vertices.

Definition 2.2. A set F C V(G) U E(G) is a conditional fractional strong
matching preclusion set (CESMP set) if G — F has no fractional perfect
matching and has no isolated vertex. If such sets exist, their minimum size
is denoted cfsmp(G), and a CFSMP set of that size is optimal. If no CFSMP
set exists, cfsmp(G) is undefined.

Following Gupta, Cheng, and Liptak [9], an optimal CFSMP set F' is
trivial if G — F contains three distinct vertices u, v, w such that

dego_p(u) =dega_p(v) =1 and ww,vw € E(G — F).

A graph for which cfsmp(G) is defined is conditionally fractional strongly
super matched if every optimal CFSMP set is trivial.

For a graph G and a set X C V(G), write eg(X) for the number of edges
with both endpoints in X, and write

X = Nog(X)\ X
for the open vertex boundary of X. Define
Mo(X) = ec(X) + 106X | - |X] +1,
the isoperimetric cost of X in GG; Lemma 3.1 explains the name.

2.1. Pancake graphs
For a one-line permutation 7 = w1 ---m, and 2 < k < n, put

Ry(m) = mpmg—1 -+ M1 Tht1 -+ * T

The pancake graph has vertex set &, with m adjacent to Ry(w) for every
k; equivalently, using right multiplication,

Pn = Cay(ﬁn, {’r2a T3, .- 77nn})'

Here 7y, is the position permutation underlying Rj. Products of position
permutations are composed right-to-left, so (r47) (i) = 74(r(2)). The graph
P, is (n — 1)-regular.

The proofs below use only one structural fact about short cycles; it is
a special case of the girth computation of Compeau [6], and we include the
short proof to keep the paper self-contained.



Lemma 2.3 (Short-cycle lemma). The pancake graph P, contains no tri-
angles and no 4-cycles.

Proof. Both claims reduce to properties of products of two generators. Let
a # b and put ¢t = max(a,b). The product r,r}, fixes every position greater
than ¢ and moves position t.

First, r,rp is not a prefix reversal: if it were, it would have to be ry. If
a =1t >b, then (rqgrp)(1) = t + 1 — b, whereas r,(1) = t; this would force
b =1, impossible. If b =t > a, then (rqr)(t) = a, whereas r(t) = 1; this
would force a = 1, again impossible.

Second, 7,7, determines the ordered pair (a,b): the product determines
t;if a =1t > b, then (rgr)(t) = 1 and (rqm)(1) =t +1—5, so a = t and
b=t+1—(rqerp)(l) are recovered, while if b = ¢ > a, then (r,75)(t) = a # 1,
so b=t and a = (rqrp)(t) are recovered.

Now a triangle with successive generator labels a, b, ¢ would give a non-
backtracking equality rqry = r. with a # b, contradicting the first claim. A
4-cycle with successive labels a, b, ¢, d would give a non-backtracking equality
rary = Tqre with a # b and ¢ # d; the second claim forces (a,b) = (d,c), so
the supposed 4-cycle backtracks and repeats a vertex, a contradiction. [J

In particular, in P, two adjacent vertices have no common neighbor, and
two nonadjacent vertices have at most one common neighbor.

3. From Berge—Tutte witnesses to isoperimetric costs

The next lemma holds in an arbitrary graph. It shows that every frac-
tional Berge—Tutte obstruction in a faulty graph forces the fault set to pay
the isoperimetric cost Ag of a witness set, and it records exactly what hap-
pens when that cost is paid with no surplus, which is the leverage behind
the classification in Theorem 1.2.

Lemma 3.1 (Witness-cost lemma). Let F' be a conditional fractional strong
matching preclusion set of a graph G, and put H = G — F'. There is at least
one pair (S, X) such that S C V(H), the set X consists of isolated vertices
of H—S, and | X| > |S|. For every such pair, | X| > 2 and

|F| > Ag(X).

Moreover, if |F| = Aq(X), then:

(a) |S|=|X|—1and S C 0cX;
(b) every edge of G| X] is an edge fault;



(c) for eachy € 0aX \ S, exactly one of the following holds: y is a vertex
fault; ory survives, has exactly one neighbor in X in G, and that edge
of G is an edge fault;

(d) F contains no other faults.

Proof. By Lemma 2.1, there is a set S C V(H) such that H — S has a set
X of isolated vertices with |X| > |S|. Given any such pair, |X| # 1: if
| X| =1, then S = (), and the single vertex of X would already be isolated
in H, contrary to F' being conditional. Hence |X| > 2.

Every edge of G[X] must be an edge fault, since all vertices of X survive
in H — S and are isolated there. Thus F' contains at least eg(X) internal
edge faults. Now let y € 9cX \ S. If y is a vertex fault, count that fault. If
y is not a vertex fault, then at least one edge between y and X must be an
edge fault, otherwise y would be adjacent in H — S to a vertex of X. These
counted faults are distinct for distinct boundary vertices y, and none is an
internal edge of G[X]. Therefore

|F| > eq(X) + [0cX \ S|
> eq(X) +106X|— |9
> eq(X) +[0cX| = [X]+1=Ag(X).

If |F| = A\g(X), equality holds throughout this chain. The last equality
gives |S| = |X| — 1, and the middle equality gives |0 X \ S| = [0aX]| — |5,
hence S C 9 X; this is (a), and (b) was proved above. For each y € 95X\ S,
isolation of X in H — S forces either the vertex fault y, or all edges from y
to X to be edge faults; since equality leaves exactly one counted fault for
each such y, a non-deleted y with two or more edges to X would contribute
at least two faults and force |F| > Ag(X). This gives (c). The counted
faults have total size Aq(X) = |F|, so no additional faults can occur, which
is (d); in particular, under equality F' contains no redundant edge fault
incident with one of its own vertex faults, since such an edge is not among
the counted faults. O

4. A recursive isoperimetric inequality

For X C V(PR,), abbreviate \,(X) = Ap, (X), en(X) = ep,(X), and
Op X = 0p, X. Throughout this section we work with the reduced cost

pn(X) = An(X) =1 = en(X) + |0 X[ — [X],

which satisfies py, () = 0 and turns the recursion below into a sum of non-
negative terms. In this notation, Theorem 1.3 states that p,(X) > 2n —5



for every n > 5 and |X| > 2, with equality exactly for the pairs of vertices
at distance at most two.

4.1. Base estimates in Py

Lemma 4.1 (Computer-assisted base estimates). For nonempty subsets Y
of the 24-vertex graph Py, the exact minimum of Ay(Y') at each cardinality
is given by the following tables:

Y| |1 2 3 45
min \y(Y)[3 4 4 5 5

6 7 8 9 10 11 12

5555 4 4 3
Y| |13 14 15 16 17 18 19 20 21 22 23 24

mn \(Y)[3 3 4 5 6 7 8 9 10 11 12 13

In particular, the following four estimates hold:

pa(Y)>2 forY #£10, (B1)

pa(Y) >3 for2<|Y| <6, (B2)

pa(Y) >4 ford <|Y| <9, (B3)

pa(Y)+ Y| >5 for |Y|>2, with equality only if |Y|= 2. (B4)

Proof. The verification program enumerates all 224 — 1 nonempty subsets
Y and directly counts the edges induced by Y and the vertices in its open
boundary. The resulting minima are the displayed values, from which (B1)—
(B4) follow. No linear programming is involved. The source and output are
supplied as supplementary material, whose README gives the reproduction
command. O

4.2. The recursive identity
Partition V(P,) into the n sets

Vi = {m € 6, : the last symbol of 7 is i}.

Each P,[V;] is naturally a copy of P,_1, generated by ro,...,7,—1. For a
vertex 7, write u(m) for the mate of 7, the vertex obtained from 7 by the
full reversal r,, and for Y C V(P,) write u(Y) = {u(xr) : 7 € Y}. The map
w0 is an involution without fixed points, so the mate edges {m, p(m)} form
a perfect matching M of P,. The mate of a vertex m € V; lies in the part
indexed by the first symbol of 7; in particular p(m) ¢ V;, so every edge of
M joins different parts.



Let X; = X NV,. Inside the copy P,[Vi], put

Ai=Npyy(Xo\Xi, A=A

Let m(X) be the number of M-edges with both endpoints in X, and let
b(X) = [(X) \ (X UA)|.

Lemma 4.2 (Recursive identity). For every X C V(F,),
pn(X) = m(X) + b(X) + an—l(Xi)'
i=1

Proof. The internal edges of X are the internal edges inside the parts, to-
gether with the M-edges contained in X. Hence

en(X) = eppi(Xs) + m(X),

7

Also, 0, X = AU (u(X) \ X); the sets A; are disjoint, and the definition of
b(X) removes the only possible overlap between A and p(X)\ X. Therefore

10, X[ =) | A] + b(X).

Since also |X| = ), |X;|, summing the three identities termwise gives the
formula. 0

The next lemma packages a vertex-chasing argument that recurs in the
induction: when X occupies only two parts, mates that fall into the within-
copy boundary force short cycles.

Lemma 4.3 (Mate-boundary lemma). Let n > 5, and let X C V(P,) meet
exactly two parts V; and V.

(a) If x € X; with p(x) ¢ X and p(x) € A, then u(x) is adjacent to
a vertex of Xj; in particular, if X; = {y}, then p(x) is a common
neighbor of x and y.

(b) If X; or Xj is a singleton, then m(X) + b(X) > 1.

Proof. (a) Since Xj, = () for every k # i, j, also Ay, =0, s0 A = A;UA;. The
mate p(x) lies outside Vj, and A; C Vj, so u(x) € Aj, which means that p(z)



is adjacent inside V; to a vertex of X;. If X; = {y}, then p(x) is adjacent
to y and, by its matching edge, to x.

(b) Say X; = {z}, and suppose m(X) = b(X) = 0. Then u(z) ¢ X
and pu(x) € X U A, so part (a) gives a vertex y € X; adjacent to p(z).
Applying part (a), with ¢ and j interchanged, to y, whose mate likewise
satisfies u(y) ¢ X and p(y) € A, shows that u(y) is adjacent to the unique
vertex z of X;. The four vertices x, u(x),y, u(y) are distinct: x # u(y) and
y # pu(x) because A; N X; = A; N X; = (), while the remaining pairs lie in
different parts or correspond under the injection pu. The edges zu(z) and
yu(y) are matching edges and p(z)y and p(y)x are internal edges, so these
four vertices form a 4-cycle, contradicting Lemma 2.3. O

4.8. Proof of Theorem 1.3

Proof of Theorem 1.3. Suppose first that X = {u, v} is a pair at distance at
most two, and put d = n — 1. If u and v are adjacent, they have no common
neighbor by Lemma 2.3, so

A(X)=1+2d-1)—241=2d—2=2n—4.

If v and v have a common neighbor, it is unique and they are nonadjacent
by Lemma 2.3, so

A(X)=0+(2d—1)—24+1=2d—2=2n—4.

This proves the “if” direction of (b). Note for later use that the same
computation in the cubic graph Py gives A\y({u,v}) = 4 when the two vertices
are at distance at most two and A\s({u,v}) = 5 otherwise.

It remains to prove, by induction on n > 5, that p,(X) > 2n — 5 for
every X with | X| > 2, with equality only if X is a pair of vertices at distance
at most two.

Base case n = 5. Decompose Ps into five copies of Py, and let p be the
number of nonempty pieces X;; the target is p5(X) > 5.

If p=1,say X = X, CVj, then the mate of every vertex of X lies in an
empty part, so m(X) = 0 and, since the mates are distinct and avoid X U A
(as A CV;), b(X) = |X|. Lemma 4.2 and (B4) give

ps(X) = pa(X;) + | X;] = 5,
with equality only if |X| =2 and \y(X) = 4; by the two-vertex calculation

at the start of the proof, the two vertices are then at distance at most two
in the copy P5[V;] = Py, hence in Ps.

10



If p > 3, then (B1) gives p5(X) > 2p > 6 > 5.

Let p = 2, with occupied parts V;,Vj, and put s = min(|X;|, |X;|) and
t = max(|X;|,|X;|). Relabel i and j if necessary so that | X;| =t. We claim
p5(X) > 6 unless s =t = 1.

e If ¢ > 10: the mate of a vertex of V; lies in the part indexed by its
first symbol. Once the first and last symbols are fixed, the other three
symbols can be permuted in 3! = 6 ways, so at most six vertices of
a part have first symbol equal to the other occupied index. Hence at
least t — 6 > 4 vertices of the larger piece have mates in empty parts;
those mates are distinct and avoid X UA (as A C V;UV}), so b(X) > 4,
and with (B1) twice, p5(X) >4 +2+2=28.

o If4<t<9: (B3)and (Bl) give p5(X) >4+2=6.
o Ift <3 and s> 2: (B2) twice gives p5(X) >3+ 3 =6.

o If s=1and 2 <t<3: Lemma 4.3(b) gives m(X)+b(X) > 1, so with
(B1) and (B2), p5(X)>1+2+3 =6.

Finally, let s = ¢ = 1 and write X = {z,y}. Since p4 of a singleton equals
2 (Py is cubic), the recursive identity gives p5(X) =4 + m(X) 4+ b(X), and
Lemma 4.3(b) gives m(X) + b(X) > 1; hence p5(X) > 5. Equality forces
m(X)+b(X)=1. If m(X) =1, then y = pu(x), so = and y are adjacent. If
b(X) = 1, then m(X) = 0 and exactly one mate, say u(z), lies in X U A;
since p(z) ¢ X, Lemma 4.3(a) shows that u(z) is a common neighbor of x
and y. This completes the base case.

Induction step. Let n > 6 and assume the statement for P,,_1. Let a and
q be the numbers of pieces X; with | X;| = 1 and |X;| > 2, respectively. A
singleton in P, has reduced cost p,—1({v}) = n—3, since P,_1 is (n — 2)-
regular, and the induction hypothesis gives p,—1(X;) > 2n — 7 for every
piece with |X;| > 2. With Lemma 4.2, three cases are mechanical:

case ‘pn(X) > ‘VGTSUS 2n —5

q>2 22n—7)=4n— 14 >2n—>5forn>5
¢g=1,a>1|2n-7)+(n—-3)=3n—-10|>2n—-5forn > 6
q=0,a>3[3n—-3)=3n-9 >2n—5forn>5

All three bounds are strict, so these cases contribute neither to the inequal-
ity’s failure nor to its equality case. Two cases remain.

If g =1 and a = 0, then X lies wholly in one copy P,[V;] and | X| > 2.
As in the base case, m(X) =0 and b(X) = | X]|, so

pn(X) = pn—l(Xj) + ’XJ| > (2TL — 7) +2=2n-—>5.

11



Equality forces | X| = 2 and p,—1(X;) = 2n—7; by the induction hypothesis,
the two vertices are adjacent or have a common neighbor inside the copy,
and therefore also in P,.

If g =0 and a = 2, then X = {z,y} meets exactly two parts, in single-
tons, so Lemma 4.3(b) gives m(X) + b(X) > 1 and

pn(X) =2(n—3)+m(X)+b(X) >2n —5.

Equality forces m(X) + b(X) = 1, and exactly as in the base case, either
y = u(x) and the two vertices are adjacent, or b(X) = 1 and Lemma 4.3(a)
produces a common neighbor. This completes the induction and the proof.

O

5. The exact values

Proposition 5.1 (Local induced-path upper bound). Let G be a d-regular
graph with d > 3. If G contains an induced path xr—s—y, then

cfsmp(G) < 2d — 2.

Proof. Delete every edge incident to x except xs, and every edge incident
to y except ys. Since the path is induced, the two deleted edge sets are
disjoint, so this uses 2(d — 1) = 2d — 2 faults.

In the remaining graph H, the vertices x and y are leaves adjacent to s.
Thus H — {s} has at least two isolated vertices, and Lemma 2.1 shows that
H has no fractional perfect matching.

No isolated vertex is created. The vertices x and y remain adjacent to s,
the vertex s remains adjacent to both of them, and every other vertex loses
at most two incident edges from a graph of degree at least three. Hence
the deleted edge set is a conditional fractional strong matching preclusion
set. O

Proof of Theorem 1.1. Let n > 5, and write permutations in one-line nota-
tion. The vertices

§s=123---m, 2=2134---n, y=3214---n

are such that x and y are both adjacent to s but not to each other: reversing
a prefix of 2134 ---n gives 1234---n for k = 2, gives 3124---n for k = 3,
and for k > 4 does not give 3214 - - - n. Hence x—s—y is an induced path, and
Proposition 5.1 gives cfsmp(P,) < 2n — 4. For the lower bound, let F' be
any conditional fractional strong matching preclusion set. By Lemma 3.1,

12



there is X C V(P,) with |X| > 2 and |F| > A\,(X), and Theorem 1.3(a)
gives |F| > 2n — 4. Hence cfsmp(P,) = 2n — 4.

For Py, Lemma 4.1 gives \y(X) > 3 for every nonempty X. Lemma 3.1
therefore gives cfsmp(Py) > 3. For the matching upper bound, let F' consist
of the vertex 1234 and the two edges

1324-4231, 2143-3412.

Appendix A partitions the remaining vertices into sets S and X with |S| =
11 and |X| = 12 and verifies, vertex by vertex, that every vertex of X
is isolated in (Py — F') — S and that Py — F has no isolated vertex. Since
| X| > |S], Lemma 2.1 implies that P;— F' has no fractional perfect matching.
Thus cfsmp(Py) = 3. O

6. Classification of the optimal fault sets

Throughout this section, n > 5, so P, is (n — 1)-regular with n — 1 > 4.
Fix an induced path u—w-v in P, and put B = (N(u) U N(v)) \ {w}. By
Lemma 2.3, the vertices u and v are nonadjacent and w is their unique
common neighbor, so each y € B is joined to {u,v} by exactly one edge and
|B| =2(n—2) =2n—4. For Z C B, define

Flu,wv;Z)=2Z U {zy: ye B\ Z, z € {u,v}, xy € E(P,)},

so that |F'(u,w,v; Z)| = 2n — 4 and no listed edge is incident with a vertex
of Z. Theorem 1.2 states that the optimal conditional fractional strong
matching preclusion sets of P, are exactly the sets F'(u,w,v; Z).

We first check that these sets never isolate a vertex; the argument uses
only the girth structure and works in any graph of the same local shape.

Lemma 6.1 (Mixed fault non-isolation). Let G be a triangle-free and Cy-
free graph with minimum degree at least 4. Let u—w—v be an induced path of
length two in G, and put

B = (N(u)UN()) \ {w}.
For any subset Z C B, let
F=Z U {zy: ye B\ Z, x € {u,v}, zy € E(G)}.

Then G — F has no isolated vertez.
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Proof. Put B, = N(u) \ {w} and B, = N(v) \ {w}. These sets are disjoint,
since a common vertex z would form the 4-cycle u—z—v—w—u. The vertices
u and v remain adjacent to w, and w remains adjacent to both of them.
Let y € B, \ Z. The vertex y loses the edge to u, and it may lose
neighbors that lie in Z. It has no neighbor in B,, since such a neighbor
would form a triangle with w. It has at most one neighbor in B, since two
such neighbors would give a 4-cycle through y and v. Thus y loses at most
two incident adjacencies. The same argument applies to vertices in B, \ Z.
Finally, let y ¢ B U {u,v,w} be a surviving vertex. No edge fault is
incident with y. By Cy-freeness, the vertex y has at most one neighbor in
B, and at most one neighbor in B,, so it loses at most two neighbors to
vertex faults in Z. Since every vertex has degree at least 4, no surviving
vertex is isolated in G — F. O

Proof of Theorem 1.2. First let F' = F(u,w,v;Z). In P,, — F, the vertices u
and v are leaves adjacent to w. After deleting w, both become isolated, so
Lemma 2.1 shows that the faulty graph has no fractional perfect matching.
Since P, is triangle-free, Cy-free (Lemma 2.3), and has minimum degree
n—1 >4, Lemma 6.1 shows that no isolated vertex is created. Hence every
F(u,w,v; Z) is a CFSMP set of size 2n — 4, and it is optimal by Theorem
1.1.

Conversely, let F' be an optimal CFSMP set, and put H = P, — F.
Lemma 3.1 provides S C V(H) and a set X of isolated vertices of H — S
with | X| > |S], |X| > 2, and |F| > A,(X); Theorem 1.3(a) and Theorem
1.1 then force

2n—4=|F|> M(X)>2n—4.

Thus |F| = A\ (X) = 2n — 4, and Theorem 1.3(b) gives X = {u,v} where
u,v are adjacent or have a common neighbor. Lemma 3.1(a) gives |S| =1
and S C 0X; write S = {w}. The vertices u and v are isolated in H — {w}
but not in H, so both are adjacent to w in H. If u and v were adjacent,
then u, v, w would form a triangle, contradicting Lemma 2.3; hence u—w—v
is an induced path with 0X \ {w} = B.

By Lemma 3.1(c), every y € B accounts for exactly one fault: either
the vertex y itself, or the unique edge joining y to {u,v}; and by Lemma
3.1(d), there are no additional faults. Thus F' = F(u,w,v; Z) for the set Z
of boundary vertices deleted by F.

In particular, every optimal set leaves two leaves u,v adjacent to the
same vertex w, so every optimal set is trivial in the sense of Gupta, Cheng,
and Liptak. ]
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7. Pancake-like compositions

Gupta, Cheng, and Liptak proved a composition theorem that propa-
gates both supermatchedness properties through one level of recursive as-
sembly. It involves the unconditional strong invariant of Liu and Liu [14]: a
set ' C V(G)UE(G) is a fractional strong matching preclusion set (FSMP
set) if G — F' has no fractional perfect matching, and fsmp(G) is the mini-
mum size of an FSMP set. An optimal FSMP set F' is trivial if G — F has an
isolated vertex, and G is fractional strongly super matched if every optimal
FSMP set is trivial.

Theorem 7.1 (Gupta—Cheng-Liptak [8, Theorem 7). Let k > 4 and N >
3, and let Hy,...,Hy be (k—1)-regular graphs, each of girth at least 5. Let
G be a k-reqular graph obtained from the disjoint union of Hi,...,Hn by
adding edges between the subgraphs so that (i) every vertex is incident with
exactly one added edge, and (ii) the added edges at the endpoints of any
edge of any H; lead to different subgraphs. If every H; is fractional strongly
super matched and conditionally fractional strongly super matched, then G is
fractional strongly super matched and conditionally fractional strongly super
matched.

Theorem 7.1 is Theorem 7 of the conference version [8]; the journal
version [9] contains the full proof. Condition (ii) rephrases, in our notation,
their requirement that the cross neighbors of two adjacent vertices in any
H; lie in different subgraphs. Recall that the burnt pancake graph B,, is the
Cayley graph of the group of signed permutations of n symbols generated
by the n signed prefix reversals; for n > 2, it is n-regular and has girth 8 [6].

Corollary 7.2. Let m > 5 and N > 3, and let G be an m-regular graph
obtained from N disjoint graphs Hy, ..., Hn, each isomorphic to the pancake
graph P, or to the burnt pancake graph B,,—1, by adding edges subject to
conditions (i) and (ii) of Theorem 7.1. Then G is fractional strongly super
matched and conditionally fractional strongly super matched.

Proof. Each H; is (m — 1)-regular with m > 5. The pancake graph P, has
girth at least 5 by Lemma 2.3; it is fractional strongly super matched for
m > 5 [16] and conditionally fractional strongly super matched by Theorem
1.2. The burnt pancake graph B,,_; has girth 8 [6]; it is fractional strongly
super matched for m —1 > 3 [16] and conditionally fractional strongly super
matched for m—1 > 3 [9]. Theorem 7.1 with £ = m gives the conclusion. [J

In the standard decomposition of P,, the full-reversal mate edges give
each vertex exactly one cross edge. Moreover, adjacent vertices in a copy
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of P,_1 have different first symbols, so their mates lie in different copies.
Thus conditions (i) and (ii) of Theorem 7.1 hold. For n > 6, take m =
n —1 and N = n in Corollary 7.2. Together with the known fractional
strong supermatchedness, the n = 5 case of Theorem 1.2 supplies the initial
conditional hypothesis, and the corollary propagates both supermatchedness
properties to every larger P,. The direct induction of Sections 4-6 yields
more: it gives the exact list of optimal fault sets, which does not follow from
supermatchedness alone.

8. Concluding remarks

The value 2n — 4 contrasts with the regular bipartite case, where the
invariant collapses for an elementary reason.

Proposition 8.1. Let G be a d-regular bipartite graph with d > 2. Then
cfsmp(G) = 1.

Proof. Let A and B be the two parts. Since d|A| = |E(G)| = d|B|, the two
parts have equal size.

Assigning weight 1/d to every edge gives a fractional perfect matching,
so the empty fault set does not work. Deleting one vertex leaves no isolated
vertex because d > 2. But the remaining bipartite graph has part sizes
differing by one, and therefore cannot have a fractional perfect matching:
summing the fractional matching constraints over the two parts would give
two different totals for the same total edge weight. O

Proposition 8.1 also dispatches the small pancake graphs excluded from
Theorem 1.1. The graph P3; is a 6-cycle, hence 2-regular bipartite, so
cfsmp(P3) = 1. The graphs P; and P, admit no conditional fractional
strong matching preclusion set at all, so cfsmp is undefined for them: in
Py, 2 Ky, a fault set leaving no isolated vertex leaves either P, itself or
the graph with no vertices, and both have fractional perfect matchings (the
latter vacuously); in Py, the empty fault set leaves an isolated vertex and
the full one leaves the empty graph.

Remark 8.2 (Bipartite prefix-reversal graphs). Bipartite Cayley graphs of
symmetric groups generated by prefix reversals do occur. The prefix reversal
. has sign (—1)F*E=D/2 5o for n = 3 (mod 4) the generators {ry : 2 <
k<n, k=2,3 (mod 4)} are all odd permutations, and the resulting Cayley
graph of G, is "‘2"1 -reqular and bipartite with the even and odd permutations
as its two parts; Proposition 8.1 gives value 1 for this family. The non-

bipartite structure of the pancake graphs is thus essential to Theorem 1.1.
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Remark 8.3 (The exceptional case Py). The local upper bound of Proposi-
tion 5.1 need not be sharp in small dimensions: for the 3-reqular graph Py
it gives only cfsmp(Py) < 4, while the exact value is 3 by Theorem 1.1. A
naive universal equality cfsmp(G) = 2d — 2 therefore fails even within the
pancake family.

Appendix A. A certificate for the exceptional fault set in P,

This appendix makes the exceptional P, construction in the proof of
Theorem 1.1 checkable by hand. Recall the fault set F' consisting of the
vertex 1234 and the edges 1324-4231 and 2143-3412. Let

S = {1243,1432,2314, 2413, 2431, 3124, 3142, 3241,
4123,4312,4321},

X = {1324, 1342, 1423, 2134, 2143, 2341, 3214, 3412,
3421,4132, 4213, 4231}.

Together with the deleted vertex 1234, the sets S (11 vertices) and X (12
vertices) partition V' (Py).

Each vertex of Py has exactly three neighbors, obtained by the prefix
reversals r9, r3, and r4. The table lists the three neighbors of every ver-
tex of X. A superscript v marks the deleted vertex 1234; a superscript e
marks a neighbor whose connecting edge is one of the two edge faults; every
unmarked entry belongs to S.

reX | rx 73T 4T
1324 | 3124 2314 4231°
1342 | 3142 4312 2431
1423 | 4123 2413 3241
2134 | 1234Y 3124 4312
2143 | 1243 4123 3412¢
2341 | 3241 4321 1432
3214 | 2314 1234Y 4123
3412 | 4312 1432 2143¢
3421 | 4321 2431 1243
4132 | 1432 3142 2314
4213 | 2413 1243 3124
4231 | 2431 3241 1324°

Three facts can be read off directly. First, every edge of Py — F' incident
with a vertex of X has its other endpoint in .S, so every vertex of X is isolated
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in (Py— F)—S. Second, every vertex of X retains at least one neighbor in
S, so no vertex of X is isolated in Py — F. Third, each of the 11 vertices of S
appears in the table as an unmarked entry, so each has a surviving neighbor
in X and is not isolated in Py — F'. Since V(Py) = {1234} USUX, the graph
Py — F has no isolated vertex.
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